


Editorial

On mathematics

he word “mathematics” is derived from the Greek word “mathema”, which encompasses knowledge,

study and learning. The origins of mathematics can be traced to antiquity. Prehistoric human beings
probably learned to count at least up to ten on their fingers. Ancient Indians, Chinese, Babylonians,
and Egyptians devised methods of counting and measuring that were of practical importance in their
everyday lives. With the passage of time surveyors, clock and calendar makers, masons and machine il il
makers, and most importantly merchants and machine makers, developed the methods of counting -
and measuring. Mathematics is the science of spatial and numerical relationships or the logical study Dr. Subodh Mahanti
of numerical and spatial relationships. It is usually divided into pure and applied mathematics. The main divisions of pure mathematics
are: geometry, arithmetic, algebra, calculus, and trigonometry. Mechanics, statistics, numerical analysis, computing, the mechanical
theories of astronomy, electricity, optics, thermodynamics, and atomic sciences come under the heading of applied mathematics. Today
mathematics is used almost in every sphere of natural science. And so we see the emergence of disciplines like mathematical biology,
mathematical ecology, mathematical geography, mathematical physics, and so on.

i

Mathematics is usually not regarded as a branch of natural science. It is said that one can practice meaningful mathematics
without being concerned with natural science and so it is no wonder that mathematics is often viewed as a realm of knowledge entirely
unto itself. It is construction of pure logical thought. However, on reflecting at a deeper level one can realise that mathematics is the
language of science. Mathematics has evolved to be an indispensable medium ‘by which and within which science expresses, formulates,
continues, and communicates itself.” Roger Bacon (1214-1292) was right when he wrote in his Opus Major (1266) that “Mathematics
is the door to the sciences.” Mathematics specifies, clarifies and makes rigorously workable concepts and laws of science. Mathematics
becomes an important means in creating new scientific concepts.

India has a rich mathematical heritage. India’s greatest contribution to mathematics is the number zero’ and the decimal place value
system, which established the modern way of writing numbers. The Vedic literature—the Sambitas, the Kalpasutras and the Vedangas—
give an idea of ancient India’s mathematical ability during the time of its development. The Sulba-sutras (Baudhayana Sulba-sutra,
Manava Sulba-sutra, Apastamba Sulba-sutra, and Katyana Sulba-sutra being the most important ones) contain information concerning
arithmetical operations, fractions, properties of rectilinear figures, irrational numbers, quadratic and indeterminate equations and other
related matter. The Siddhant (or mathematical astronomy) tradition starting with Aryabhata (476-550) and going beyond Bhaskara
IT (1114-1185) showed the continuation of mathematical tradition in India. Some of the important works describing development in
this period are Aryabhatiya, Brahmasphutasiddhanta, Lilavati, and Bijaganita. The Jain tradition (from the 8th century till the middle of
the 14th century) demonstrated considerable mathematical activity. Ganitasarasangraha of Mahavira (850) is a very influential work on
mathematics. The Kerala school of mathematics, which originated with Madhava in the late 14th century and continued well into the
17th century, developed mathematics at much advanced level compared to eatlier works from anywhere in the world. Ancient Indian
mathematicians showed great fascination for large numbers.

Geometry started taking roots in India in the first millennium BC. The Sulba-sutra geometers were familiar among many other
concepts of geometry, of what is now called the Pythagoras theorem about 200 years before Pythagoras. Arithmetic and algebra were
pursued with great success. There was a time when India was ahead in mathematics than any part of the world. In modern time the
emergence of Srinivasa Ramanujan will remain as major hallmark in the history of development of mathematical ideas.

Western mathematics began to grow from the 15th century. The Scientific Revolution gave mathematical ways of knowing about
the physical world a new status. It became clearer that mathematics could provide knowledge of the world that could be sure and
certain without engaging in the argumentation of the natural philosophers and not just mystical and symbolic. Some noted natural
philosophers, viz., Galileo Galilei, Rene Descartes, Christiaan Huygens, and Isaac Newton aimed at bringing their discipline under the
sway of mathematics. Algebra, the mathematics of equations, the origins of which could be traced to ancient India, became a clear object
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Harish-Chandra

The Greatest Indian mathematician since
Srinivasa Ramanujan

Dr. Subodh Mahanti
E-mail: smahanti@vigyanprasar.gov.in

“I have often pondered over the roles of knowledge or experience on the one hand, and imagination or intuition, on the other, in the

process of discovery. I believe that there is a certain fundamental conflict between the two and knowledge, by advocating caution, tends

to inhibit the flight of imagination. Therefore a certain naivete, unburdened by conventional wisdom, can sometimes be a positive asset.

I regard Dirac’s discovery of relativistic equation of the electron as a shining example of such a case.”

Harish-Chandra in a talk given on the occasion of the 80th birthday celebration for Dirac
(quoted from ‘Harish-Chandra’ by R. Tandon, Resonance, August 1996)

“It is difficult to communicate the grandeur of Harish Chandra’s achievements... The theory he created still stands — if I may be excused
a clumsy simile — like a Gothic cathedral, heavily buttressed below but, in spite of its great weight, light and soaring in its upper reaches,
coming as close to heaven as mathematics can. Harish who was of a spiritual, even religious, cast and who liked to express himself in
metaphors, vivid and compelling, did see, I believe, mathematics as mediating between man and what one can only call God. Occasionally,
on a stroll after a seminar, usually towards evening, he would express his feelings, his fine hands slightly upraised, his eyes intent on the
distant sky; but he saw as his task not to bring men closer to God but God closer to men. For those who can understand his work and who
accept God has a mathematical side, he accomplished it.”
R. P. Langlands in Harish-Chandra: In Memoriam, Princeton, 23 April 1984

Harish—Chandra is regarded as the
greatest Indian mathematician since
Srinivasa Ramanujan, who rose to become
a mathematician of world stature. He
is rightly regarded as one of the greatest
mathematicians of his era. It should be noted
at the beginning that Harish-Chandra’s
contribution lie in the realm of higher
mathematics and to appreciate the true
signification of his work one should have
an appropriate background in mathematics.
But then even those including the author
of this article, who are not in a position to
understand the actual work, will certainly be
by inspired Harish-Chandra’s life and work.
In this context it is pertinent to quote N.
Mukunda from what he wrote in his editorial
in Resonance while commenting on Harish-
Chandra: “To very few of us is it given to
be able to even appreciate the work of such
gifted individuals, leave alone to reach such
heights ourselves. And yet all we need heroes
— verily the salt of the earth — from whom
to derive the inspiration to reach beyond
ourselves.”

The present article does not aim to
elaborate on the actual work of Harish-
Chandra but to give some glimpses of his
life and the scope of his work and in doing
so the author has chosen to truly quote those
who are competent to comment on the life
and work of Harish-Chandra.

Harish-Chandra is best known for his

Harz's/a-a'/mndm

general theory of semi-simple Lie groups.
He formulated a fundamental theory of
representations of Lie groups and Lie
algebra. He started his work on Lie groups in
1949 and went on to erect his monumental
theory over the course of three decades or
so. The depth and beauty of his work it one
of the most profound of twentieth century
mathematics. And what is important is that
he did it single-handedly. He published
only one joint paper with A. Borel. He also
extended the concept of a characteristic
representation of finite-dimensional of semi-
simple Lie groups to infinite-dimensional

representations of a case and formulated
a Weyl’s character formula analogue. His
other major contributions included: the
construction of the Plancherel measure
of semi-simple Lie groups; the evaluation
of the representations of discrete series;
his results on Eisenstein series; the theory
of automorphic forms; his philosophy of
cusp forms as a guiding principle to have a
common view of certain phenomena in the
representation theory of reductive groups
in a rather broad sense. In the words of R.
P Langlands: “Harish-Chandra was one
of the outstanding mathematicians of his
generation — an algebraist and analyst, and
one of those responsible for transforming
infinite-dimensional group representation
theory from a modest topic on the periphery
of mathematics and physics into a major
field central to contemporary mathematics.”
His work is a synthesis of analysis, algebra
and geometry is of lasting influence. Roger
Howe wrote: “Harish-Chandra was, if not
the exclusive architect, certainly the chief
engineer of harmonic analysis on semi-
simple Lie groups. This subject, with roots
deep in mathematical physics and analysis,
is a synthesis of Fourier analysis, special
functions and invariant theory, and it has
become a basic tool in analytic number
theory, via the theory of automorphic forms.
It essentially did not exist before World
War II, but in very large part because of the
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History of Science

labours of Harish-Chandra, it became one
of the major mathematical edifices of the
second half of the twentieth century.”

To get some idea about the philosophy
of Harish-Chandra is life we quote Armand
Borel: “Harish-Chandra was a  highly
principled man, for whom one’s life had
to have purpose. In his view, the main one
of his own life was no doubt to prove the
hardest and the most fundamental theorems
him...Underlying  this
tremendous productivity were very strict,
almost ascetic, disciplined and routine. .. The

accessible  to

sense of purpose Harish gave to his life had
some spiritual, even religious underpinning.
His religion was not a traditional one with
the usual paraphernalia of
stories, rituals, prayers and
direct intervention of a
personal god. Rather it was an
abstract, philosophical level,
a yearning for some universe
principle, transcending our
lives, which would give sense
to the universe.”

Describing the
personality and character of
Harish-Chandra, J. D. Zund
wrote: “...he was a tall, handsome man, who
was somewhat reserved, but who possessed
a formal courtesy that did not conceal the
depth of his feelings and thought. In his early
years he liked to paint and later expressed a
fondness for the French impressionists...
One of his colleagues suggested that Harish-
Chandra work, which
faithfully mirrored his personality: intense,
lofty, and uncompromising.”

Harish-Chandra spent most part of his
professional career abroad but he remained
an Indian by heart till the end of his life. His
daughter Premala Chandra says: “Though
he spent almost all of his professional life
abroad, culturally my father was always very
deeply rooted in India.”

One may wonder about the hyphen
in the name of Harish-Chandra because
across

survives in his

normally one does not

hyphenated names. His original name

come

was Harishchandra and the hyphen was
bestowed on him by the copy editor of his
first scientific papers. Harishchandra decided
to adopt the hyphen.

Harish-Chandra was born on 11
October 1923 in an educated family Uttar
Pradesh (then United Provinces) in northern
India. His parents were Chandrakishore

C. V. Raman

and Chandrarani (original name
Satyagati Seth). Harish-Chandra
had two brothers and one sister.
His father, Chandrakishore, was
an ardent follower of Mahatma
Gandhi and had dropped
his surname because of his
opposition to the caste system.
Chandrakishore was an irrigation
engineer and in the early years of
his career he spent most of his

Fellows of the Royal Society: “Harish-Chandra’s
father, a civil engineer, eventually
rose quite high, reaching the

middle

the Indian Service of

echelons  of
Engineers, and retiring m
as Executive Engineer
of the Uttar Pradesh
Irrigation Works; buthis
carly career would have
been spent in the field,
usually on horseback,

dikes of the extensive network of
canals in the northern plains...
Harish-Chandra, though not a robust child,
often accompanied his father on his rounds,
but it was until later, when he was a young
man and his father retired, that they became
close.”

Harish-Chandra’s childhood was spent
in Kanpur in his maternal grandfather’s
home. His maternal grandfather Ram
Sanethi Seth was a successful
lawyer. Harish-Chandra’s early
education was at home by
private tutors. At the age of nine
he was sent to a school, Christ
Church High School, where he
was directly admitted to the class
seven. After completing his high
school education at the age of
fourteen, he joined the BNSD
Inter College at Kanpurand from
where he went to the Allahabad
University. He obtained his BSc (1941)
and MSc (1945) degrees from Allahabad
University. His initial desire was to devote
his life to the study of theoretical physics.
Harish-Chandralater recalled thathis reading
of Paul A. M. Dirac’s Principle of Quantum
Mechanics was mainly responsible for getting
him attracted to theoretical physics. Harish-
Chandra was particularly influenced by its

K S. Krishnan

time in different districts of Uttar Pradesh.
According to the Biographical Memoirs of  Krishnan who persuaded Harish-Chandra

H. ]. Bhabha

inspecting and maintaining the

P A. M. Dirac

lucid style and powerful ideas.
At the Allahabad University
he came in contact with K. S.
Krishnan, the distinguished
Indian physicist. C. V. Raman,
the celebrated physicist of India
Harish-Chandras MSc
examiner. [t may be noted that
Raman was Krishnan’s research
supervisor in the Indian
Association for the cultivation
of Science in Kolkata (then Calcutta). It was

was

to go to the Indian Institute of Science,
Bangalore to work with H. J.
Bhabha in theoretical physics.
Harish-Chandra worked with
Bhabha for about two years
and published research papers
point-particles,
their equations of motion and
the fields associated with them.
Because of these papers Harish-
Chandra came in contact with
P A. M. Dirac, as they dealt
with one of Dirac’s research interests. He was

on classical

recommended to Dirac for his doctoral work
by Bhabha and Krishnan.

In 1945, Harish-Chandra went to
the Gonville and Caius College of the
Cambridge University, Cambridge, United
Kingdom, where he worked for his PhD
degree under the supervision of Paul Dirac,
one of the founders of quantum mechanics.
He was awarded his PhD degree in 1947
for his thesis entitled “Infinite irreducible
representations of the Lorentz
group.” Harish-Chandra found
Dirac ‘very gentle and kind and
yet rather aloof and distant’.
He did not have much personal
interaction with Dirac because
he had decided not to ‘bother
him too much’. Harish-Chandra
later recalled that he went to see
Dirac ‘about once each term’. It
has been reported that Harish-
Chandra stopped attending
Dirac’s chasses after realising that Dirac was
actually reading from one of his books. In
spite of all this Harish- Chandra was greatly
influenced by Dirac.

When Dirac visited the Institute of
Advanced Study at Princeton, USA for a year
(1947-48), Harish-Chandra accompanied
him as his assistant. In Princeton Harish-
Chandra could meet leading mathematicians
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like Hermann Weyl (1885-1955), who gave
the first rigorous account of the Riemann
surfaces. Emil Artin (1898-1962), who
solved David Hilberts problem concerning
the existence of a general
reciprocity law and in this way
he completed a line of inquiry
begun by Carl Friedrich Gauss
which was central to the
theory of numbers, and Claude
Chevalley (1909-1984), who
made important contributions
to number theory, algebraic
geometry, finite group theory,
and theory of algebraic groups.
Hewasgreatlyinfluenced by these
outstanding  mathematicians.
It was at Princeton that he
decided that he should pursue
mathematics and not physics.
Harish-Chandra wrote: “Soon
after coming to Princeton I
became aware that my work on
the Lorentz group was based
on somewhat shaky arguments.
I had naively manipulated
unbounded operators without
paying any attention to their
domains of definition. I once
complained to Dirac about the
fact that my proofs were not
rigorous and he replied, ‘I am
not interested in proofs but
only in what nature does.” This
remark confirmed my growing
conviction that I did not have
the mysterious sixth sense which
one needs in order to succeed
in physics and I soon decided
to move over to mathematics.”
It is to be noted that there was
no lengthy gap in his scientific
output while making a transition
from physics to mathematics.
In fact his last physics papers
were published in 1948 and his
papers on mathematics started
appearing in 1949.

R. P Langlands has described how
Harish-Chandra, being both a theoretical
physicist viewed
the relationship between physicist and

A

and mathematician,

mathematician in the following words:
“Although  he (Harish-Chandra)  was
convinced that the mathematician’s very
mode of thought prevented him from
comprehending the essence of theoretical

Hermann Weyl

Emil Artin

Carl Friedrich Gauss

Claude Chevalley

physics, where, he felt, deep intuition and
not logic prevailed and skeptical of any
mathematician who presumed to attempt to
understand it, he was even more impatient
with those mathematicians in
whom a sympathy for theoretical
physics was lacking, a failing he
attributed in particular to the
French school of the 1950s.”
Dirac  went back to
Cambridge, UK, but Harish-
Chandra remained in USA. After
staying one more year at the
Institute of Advanced Study, he
moved to Harvard University for
a year (1949-50). At Harvard he
came in contact with Zariski.
From Harvard he moved to
Columbia  University, ~where
he stayed from 1950 to 1963.
While staying on the faculty of
the Columbia University, Harish-
Chandra  spent

periods in other institutions —

considerable

Tata Institute of Fundamental
Mumbai (then
Bombay, 1952-53); Institute
of Advanced Study, Princeton
(1955-56 and then again during
1961-1963 as Sloan Fellow); and
Paris (1957-58) as Guggenheim
Fellow. In 1963, he was made
a permanent faculty of the
Institute of Advanced Study, and
where remained till his death.
Harish-Chandra was
elected a Fellow of the Royal
Society of London in 1973.
He was also a Fellow of the

Research,

National Academy of Sciences
of the United States of America
(1981), and Indian National
Science Academy (1975). He
was awarded honorary doctorate
degrees by Delhi University
(1973) and Yale University
(1981). Among the awards
received by Harish-Chandra
were the Cole Prize of the American
Mathematical Society (1954) and the
Ramanujan Medal of the Indian National
Science Academy (1974). The Harish-

chandra Research Institute of Mathematical

Sciences is named after Harish-Chandra.
The institute is funded by the Department
of Atomic Energy, Government of India and

it is located in Jhusi, Allahabad.

Harish-Chandra died of heart attack
on 16 October 1983, while on an evening
walk during a conference in Princeton held
in honour of Armand Borel’s 60th birthday.

Wewould like to end this briefwrite-up
by quoting V. S. Vardarajan: “In the austere
simplicity and uncompromising nature of his
approach to life, in his preference for solitary
and profound reflection, and in his awesome
capacity to discern and preserve after distant
goals, he resembled the legendary figures
from his country’s ancient past. And like
them, he came to be quite detached about
his achievements as well as his failures. The
detachment was not a false modesty; like
many great men Harish-Chandra was fully
conscious of his gifts and what he could do
with them. It was rather a deeper humility,
whose origin lay in a conviction that science
was a collective endeavour and that any life
is but a fragment in a larger fabric.”

(The author is grateful to Shri Sanjay
Kumar, Centre for Advancement of Public
Understanding of Science and Technology
(CAPUST), New Delhi for making him
known the existing literature on the life and

work of Harish-Chandra)
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The Golden Ratio (D)
The World’s Most Astonishing Number

“The mathematician does not study pure mathematics because it is useful; he studies it
because he delights in it and he delights in it because it is beautiful.”
Henri Poincaré (1854 — 1912), French mathematician and physicist.

hroughout the history, thinkers from

mathematicians to theologians have
pondered over the mysterious relationship
between numbers and the nature of reality.
One of the mysterious relationships is ©
(phi = 1.6180339887...), and this curious
mathematical relationship is widely known
as the “golden ratio®. It was discovered by
Euclid more than two thousand years ago
because of its crucial role in the construction
of the pentagram. Since then it has shown a
propensity to appear in the most astonishing
variety of places, from mollusc shells,
sunflower florets and rose petals to the shapes
of galaxies. Golden ratio is one of the most
beautiful ratios of the mathematical universe
because of its elegance and simplicity.

What is golden ratio?

Golden ratio is defined as a line segment
divided into two unequal parts, such that
the ratio of the longer portion to the shorter
portion is same as the ratio of the whole
length to the longer portion. It is believed
that this ratio is found throughout nature and
is an integral part of art, architecture, music,
philosophy, science, and mathematics.

The precise value of the golden ratio is
a never ending and never repeating number
1.6180339887...., and such never ending
numbers have intrigued humans since
antiquity.

A variant of golden ratio is the golden
rectangle, whose side lengths are in the
golden ratio, or approximately 1:1.618. A
distinctive feature of the golden rectangle is
that when a square section is removed, the
remainder is another golden rectangle; that

is, with the same proportions as the first.
Square removal can be repeated infinitely,
in which case corresponding corners of the
squares form an infinite sequence of points
on the golden spiral, the unique logarithmic
spiral with this property. Many artists and
architects have been fascinated by the
presumption that the golden rectangle is
considered aesthetically pleasing.

Many artists and architects have
proportioned their works to approximate
the golden ratio—especially in the form of
the golden rectangle, in which the ratio of
the longer side to the shorter is the golden
ratio—believing this proportion to be
aesthetically pleasing. Mathematicians have
studied the golden ratio because of its unique
and interesting properties.

How to construct a
golden rectangle

] ¥ i

. E i} L
Figure 1

Construct a simple square of unit length
(say AB = 1 inch, in figure 1). Draw a line
from the midpoint (E) of one side (AB) of
the square to an opposite corner (C). Use
this line (EC) as the radius to draw an arc
(EC=EQG) as shown in figure 1. Complete
the rectangle AGFD.

Now, BC=1,EB=1/2

Using Pythagoras theorem, EC? = EB?
+BC? =(1/2)2+ (1)*=1/4+1=5/4

Therefore EC =V 5/2 = EG

AG=1/2+5/2= (1+5)/2=1.618

Ratio of the sides = AD: AG =1 :1.618

The rectangle AGFD is golden
rectangle. From this rectangle, if the square
ABCD is removed, the remaining rectangle

Rintu Nath
E-mail: rnath@vigyanprasar.gov.in

BGFC becomes another golden rectangle.
One startling feature of the golden

ratio is that we produce its square by simply

adding the number 1; i.e., ®*=® + 1.

Golden ratio in nature
The following two figures show the
construction of a golden spiral and its nearest
match in nature (mollusc shells).

&

In case of the daisy flower, the florets

that make up this pattern (here represented
by arcs) grow at the meeting points of two sets
of spirals, which move in opposite directions,
one clockwise, the other counter clockwise.
If we connect the consecutive meeting points

of these two sets of opposite lines, we can
see the daisy’s growth spirals. These spirals
are logarithmic and also equiangular, since
the angle they describe with the radii remain
always the same.

Daisy flower

Golden ratio in architecture
Both Egyptian  pyramids those
mathematical regular square pyramids that
resemble them can be analysed with respect
to the golden ratio. A pyramid in which the
apothem (slant height along the bisector of
a face) is equal to ¢ times the semi-base (half
the base width) is called a golden pyramid.
Some artists and architects believe the

and
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